The Geodetic Number of an Oriented Graph  by Chartrand, Gary & Zhang, Ping
Article No. eujc.1999.0301
Available online at http://www.idealibrary.com on
Europ. J. Combinatorics (2000) 21, 181–189
The Geodetic Number of an Oriented Graph
GARY CHARTRAND AND PING ZHANG
For two vertices u and v of an oriented graph D, the set I (u, v) consists of all vertices lying on
a u − v geodesic or v − u geodesic in D. If S is a set of vertices of D, then I (S) is the union of
all sets I (u, v) for vertices u and v in S. The geodetic number g(D) is the minimum cardinality
among the subsets S of V (D) with I (S) = V (D). Several results concerning the geodetic numbers
of connected oriented graphs are presented. For a nontrivial connected graph G, the lower orientable
geodetic number g−(G) of G is the minimum geodetic number among the orientations of G and
the upper orientable geodetic number g+(G) is the maximum such geodetic number. It is shown
that g−(G) 6= g+(G) for every connected graph of order at least 3. The lower and upper orientable
geodetic numbers of several well known classes of graphs are determined. It is shown that for every
two integers n and m with 1 ≤ n − 1 ≤ m ≤ (n2), there exists a connected graph G of order n and
size m such that g+(G) = n.
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1. INTRODUCTION
A fundamental concept occurring in geometry, topology, and functional analysis is that of
convex sets. Specifically, a set A of points in a metric space (X, d) is convex if for every
two points x, y ∈ A, every geodesic (shortest arc, curve, or path) connecting x and y lies
completely in A. The convex hull [A] of a set A ⊆ X is the smallest convex set in X containing
A and is the intersection of all convex sets containing A.
The best known metric space in graph theory is (V (G), d), where V (G) is the vertex set of
a connected graph G and d(x, y) is the distance between two vertices x and y (defined as the
length of a shortest x − y path). An x − y path of length d(x, y) is also referred to as an x − y
geodesic. Consequently, a set A of vertices in a connected graph G is convex if for every two
vertices x, y ∈ A, the vertex set of every x − y geodesic lies completely in A. Obviously,
V (G) is a convex set. The convex hull [A] of a set A ⊆ V (G) is the smallest convex set in G
containing A. The smallest cardinality of a set A whose convex hull is V (G) is called the hull
number of G and is denoted by h(G).
We quote from the initial paragraph of the foreword to the book by Bonnesen and Fenchel [1]:
‘Convex figures have always played an important role in geometry. . . (Minkowski) created
the formal tools appropriate for problems about convex regions and bodies. . . (and) above all
opened the way to various applications. . .’.
Convexity in graphs is discussed in the book by Buckley and Harary [2] and studied by
Harary and Niemenen [12]. The hull number of a graph was introduced by Everett and Seid-
man [10] and investigated further in [4, 9] and [13]. We refer to the book [2] for concepts and
results on distance in graphs and to the books [6, 11] for general terminology and notation in
graph theory.
Let G be a connected graph and let A be a convex subset of V (G). By definition, if x, y ∈ A
and z is a vertex on an x − y geodesic in G, then z ∈ A. Let I (x, y) denote the set (interval)
of all vertices lying on an x − y geodesic in G. Hence I (x, y) ⊆ A. In general, if S ⊆ V (G),
where S need not be convex, then
I (S) =
⋃
u,v∈S
I (u, v). (1)
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FIGURE 1. A digraph D with g(D) = 3.
Certainly, S ⊆ I (S); while I (S) = S if and only if S is convex. A set S with I (S) = V (G) is
called a geodetic set in G. Thus a geodetic set S in G has the somewhat converse property that
for every z ∈ V (G), there exist x, y ∈ S such that z lies on an x − y geodesic. The minimum
cardinality of a geodetic set in G is called the geodetic number of G and is denoted by g(G).
The geodetic number of a graph was introduced in [2] and studied further in [3, 5, 7] and [8].
In this paper we extend geodetic number to oriented graphs.
The (directed) distance d(u, v) from a vertex u to a vertex v in an oriented graph D is the
length of a shortest directed u − v path. Although this distance is not a metric, as it clearly
lacks the symmetric property, geodetic sets in D and the geodetic number of D can be defined
in a natural manner. These concepts and some basic results concerning them are presented in
this introductory section, while in the succeeding section, we discuss the geodetic numbers of
orientations of a graph.
Following the terminology used for graphs, we refer to a directed u − v path of length
d(u, v) as a u − v geodesic and define I (u, v) as the set of all vertices lying on either a u − v
geodesic or v− u geodesic of D. For a nonempty subset S of V (D), we define I (S) as in (1).
A set S of vertices in an oriented graph D is a geodetic set if I (S) = V (D). A geodetic set
of minimum cardinality is also referred to as a minimum geodetic set. The cardinality of a
minimum geodetic set in D is its geodetic number g(D).
To illustrate the concepts just presented, consider the oriented graph D of Figure 1 and let
S1 = {u, w, z} and S2 = {u, v, w, z}. Since I (S1) = {u, w, z, x, y} 6= V (D), it follows that
S1 is not a geodetic set. On the other hand, I (S2) = V (D) and so S2 is a geodetic set of D.
However, S2 is not a minimum geodetic set of D since the set S = {v,w, z} is a geodetic
set with fewer vertices. Because there is no 2-element geodetic subset of V (D), the set S is a
minimum geodetic set and g(D) = 3.
Certainly, if D is a connected oriented graph of order n ≥ 2, then 2 ≤ g(D) ≤ n. If
g(D) = 2, then each minimum geodetic set consists of two vertices u and v of D such that
every vertex of D lies on either a u−v geodesic or a v−u geodesic. For example, the directed
path −→Pn : v1, v2, . . . , vn of order n ≥ 2 has geodetic number 2, where the set {v1, vn} is its
unique minimum geodetic set. Obviously, the geodetic number of the directed cycle −→Cn is
also 2, but in this case every pair of vertices in −→Cn is a geodetic set of −→Cn . In fact, −→Cn is the
only oriented graph with this property.
PROPOSITION 1.1. Let D be a connected oriented graph of order at least 3. Then D has
the property that every pair of vertices of D is a geodetic set of D if and only if D is a directed
cycle.
PROOF. Certainly, every pair of distinct vertices of −→Cn , n ≥ 3, is a geodetic set. For the
converse, assume that every pair of distinct vertices of a connected oriented graph D of order
n ≥ 3 is a geodetic set but that D is not a directed cycle. Let (w, z) be an arc of D. By
hypothesis S = {w, z} is a geodetic set for D. Hence every vertex of D lies on some z − w
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geodesic in D. The z − w geodesic together with the arc (w, z) is a directed Hamiltonian
cycle C in D. Since D is not itself a directed cycle, there exists an arc (x, y) on C such that
x and y are not consecutive on C . However, then, {x, y} is not a geodetic set of D, which is a
contradiction. 2
We have now seen two familiar classes of oriented graphs with geodetic number 2. At the
other extreme are those oriented graphs D of order n for which g(D) = n. We recall some
definitions. The degree deg v of a vertex v in an oriented graph is the sum of its indegree
and outdegree, that is, deg v = id v + od v. A vertex v is an end-vertex if deg v = 1. If v
has indegree or outdegree 0, then v is either the initial or the terminal vertex of a geodesic
containing v. Therefore, every geodetic set of an oriented graph must contain all vertices v
with either id v = 0 or od v = 0. In particular, every geodetic set of an oriented graph must
contain all of its end-vertices. An oriented graph D is antidirected if every vertex of D has
outdegree 0 or indegree 0. Only bipartite have antidirected orientations. The proof of this fact
is straightforward.
PROPOSITION 1.2. A graph G has an antidirected orientation if and only if G is bipartite.
An oriented graph D is transitive if whenever (u, v) and (v,w) are arcs of D, then (u, w) is
an arc of D. Certainly, every antidirected graph is transitive. We can now characterize oriented
graphs of order n having geodetic number n.
PROPOSITION 1.3. Let D be a nontrivial oriented graph of order n. Then g(D) = n if and
only if D is transitive.
PROOF. Assume first that g(D) < n. Then there exists a vertex v in D such that S =
V (D)− {v} is a geodetic set of D. From the observation above, od v > 0 and id v > 0. This
implies that v lies on some u − w geodesic u, v, w in D, where u, w ∈ S. However, then,
(u, w) /∈ E(D) and D is not transitive.
Conversely, assume that D is an oriented graph that is not transitive. Then there exist distinct
vertices u, v, and w such that (u, v), (v,w) ∈ E(D), but (u, w) /∈ E(D). Then S = V (D)−
{v} is a geodetic set and so g(D) < n. 2
We have seen that 2 ≤ g(D) ≤ n for every nontrivial oriented graph D of order n. We now
show that for a given integer n ≥ 2, every integer k with 2 ≤ k ≤ n is the geodetic number of
some oriented graph of order n.
PROPOSITION 1.4. For every two integers k and n with 2 ≤ k ≤ n, there exists an oriented
graph of order n and geodetic number k.
PROOF. We show, in fact, that there exists an oriented graph with this property having the
path Pn of order n as its underlying graph. Let Pn : v1, v2, . . . , vn . We construct an oriented
graph D from Pn by directing the two edges incident with vi towards vi for all even i with
i < k. If k is odd, then each edge vivi+1 with i ≥ k is directed as (vi+1, vi ). This completes
the construction of D. Since the vertices v1, v2, . . . , vk−1 have indegree 0 or outdegree 0, each
of these vertices belongs to every geodetic set of D. Since {v1, v2, . . . , vk−1} is not a geodetic
set, but S = {v1, v2, . . . , vk−1, vn} is, g(D) = k.
If k is even, then we direct each edge vivi+1 for i ≥ k−1 to produce the arc (vi , vi+1) and to
complete the construction of D. Again, each vertex v j (1 ≤ j ≤ k−1) belongs to every geode-
tic set of D, but {v1, v2, . . . , vk−1} is not a geodetic set. Since S = {v1, v2, . . . , vk−1, vn} is a
geodetic set, g(D) = k. 2
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Next we provide an improved upper bound for the geodetic number of an oriented graph in
terms of its order and diameter (the length of the longest geodesic).
PROPOSITION 1.5. If D is a connected oriented graph of order n and diameter d, then
g(D) ≤ n − d + 1.
PROOF. Let u and v be vertices of D for which d(u, v) = d and let u = v0, v1, . . . , vd = v
be a u − v geodesic. Let
S = V (D)− {v1, v2, . . . , vd−1}
then I (S) = V (D) and so g(D) ≤ |S| = n − d + 1. 2
In the proof of Proposition 1.4 the oriented graph D constructed there has order n, diameter
d = n − k + 1 and geodetic number k = n − d + 1. Therefore, the upper bound for g(D)
presented in Proposition 1.5 is sharp.
2. ORIENTABLE GEODETIC NUMBERS OF GRAPHS
We have already seen in the proof of Proposition 1.4 that for every two integers k and n with
2 ≤ k ≤ n, there exists an orientation of the path Pn having geodetic number k. In general,
for a connected graph G, there are orientations of G that have distinct geodetic numbers. This
suggests the following definitions.
For a connected graph G of order n ≥ 2, the lower orientable geodetic number g−(G) of G
is defined as the minimum geodetic number of an orientation of G and the upper orientable
geodetic number g+(G) as the maximum such geodetic number, that is,
g−(G) = min {g(D) : D is an orientation of G}
g+(G) = max {g(D) : D is an orientation of G}.
Hence, for every connected graph G of order n ≥ 2, 2 ≤ g−(G) ≤ g+(G) ≤ n. In this
section, we present the values g−(G) and g+(G) for some well known graphs G. First, we
present a lemma that gives a sufficient condition for a graph to have lower geodetic number 2.
LEMMA 2.1. Let G be a connected graph of order n ≥ 2. If G contains a Hamiltonian
path, then g−(G) = 2.
We will see shortly that the sufficient condition given in Lemma 2.1 for a graph to have
lower orientable geodetic number 2 is not necessary.
If G is a complete bipartite graph of order n ≥ 2, then G has an antidirected orientation D
by Proposition 1.2. Since every antidirected orientation is transitive, g(D) = n by Proposi-
tion 1.3. Thus we have the following result.
LEMMA 2.2. If G is a connected bipartite graph of order n ≥ 2, then g+(G) = n.
By Lemmas 2.1 and 2.2 (as well as the proof of Proposition 1.4), g−(Pn) = 2 and g+(Pn) =
n. We now present the values of g−(G) and g+(G) in the case where G is a tree, cycle, or
complete bipartite graph. The proofs of these results are immediate consequences of Lem-
mas 2.1 and 2.2 as well and are therefore omitted.
PROPOSITION 2.3. (a) If T is a tree of order n ≥ 2 with exactly k end-vertices, then
g−(T ) = k and g+(T ) = n.
(b) For n ≥ 3, g−(Cn) = 2 and g+(Cn) = n if n = 3 or n is even; otherwise g+(Cn) =
n − 1.
(c) For integers r and s with 2 ≤ r ≤ s, g−(Kr,s) = 2 and g+(Kr,s) = r + s.
The geodetic number 185
FIGURE 2. The orientations D1 and D2 of G.
If Tn denotes the transitive tournament of order n, then g(Tn) = n by Proposition 1.3
and so g+(Kn) = n. Since every complete graph contains a hamiltonian path, it follows by
Lemma 2.1 that g−(Kn) = 2. In fact, we have the following result.
PROPOSITION 2.4. For every two integers k and n with 2 ≤ k ≤ n, there exists a tourna-
ment T of order n having geodetic number k.
PROOF. Let V (T ) = {v1, v2, . . . , vn}. For 1 ≤ i ≤ n − k + 1, let (vi , vi+1) ∈ E(T ).
Otherwise, for 1 ≤ i < j ≤ n, let (v j , vi ) ∈ E(T ). Since dT (v1, vn−k+2) = n − k + 1,
I (v1, vn−k+2) = {v1, v2, . . . , vn−k+2}. For n − k + 3 ≤ i ≤ n, the vertex vi lies on a
geodesic if and only if it is the initial or terminal vertex of a geodesic (of length 1). Hence
{vn−k+3, vn−k+4, . . . vn} is a subset of every geodetic set in T . Since {v1, vn−k+2, vn−k+3, . . . ,
vn} is geodetic set, g(T ) = k. 2
As we have mentioned, g−(K2) = g+(K2) = 2; while g−(Kn) 6= g+(Kn) for n ≥ 3. We
show in fact that if G is any connected graph of order n ≥ 3, then g−(G) 6= g+(G).
THEOREM 2.5. For every connected graph G of order at least 3, g−(G) 6= g+(G).
PROOF. We have already seen that the result is true if G is complete, so we can assume that
G contains two vertices v0 and v2 with d(v0, v2) = 2. Let v0, v1, v2 be a path of length 2 in
G. Clearly, v0v2 /∈ E(G). Let U = V (G) − {v0, v1, v2}. Since g−(P3) 6= g+(P3), we may
assume that U 6= ∅.
To verify the result, it suffices to show that there exist two orientations of G having distinct
geodetic numbers. An orientation D1 of G is obtained by directing v0v1 and v1v2 so that
(v0, v1), (v1, v2) ∈ E(D1). Every edge joining a vertex of U and v0 is directed away from v0,
while every edge joining a vertex of U and v1 (or v2) is directed toward v1 (or v2). The edges
joining two vertices of U are directed arbitrarily. This completes the construction of D1 (see
Figure 2). Since idD1 v0 = odD1 v2 = 0, the vertices v0 and v2 belong to every geodetic set of
D1.
We now describe an orientation D2 of G. First, we direct v0v1 and v1v2 so that (v0, v1),
(v2, v1) ∈ E(D2). Every edge joining a vertex of U and v1 is directed toward v1, while every
edge joining a vertex of U and v0 (or v2) is directed away v0 (or v2). The edges joining two
vertices of U are directed exactly as in the orientation D1 (see Figure 2).
Since idD2 v0 = odD2 v1 = odD2 v2 = 0, all of v0, v1, v2 belong to every geodetic set of
D2. Also, since ID2({v0, v1, v2}) = {v0, v1, v2}, every geodetic set of D2 must contain some
vertices of U . Let g(D2) = t + 3, where T = {u1, u2, . . . , ut , v0, v1, v2} is a minimum
geodetic set of D2.
We now show that S = {u1, u2, . . . , ut , v0, v2} is a geodetic set of D1. Let w ∈ V (D1).
We show that w lies on some x − y geodesic for x, y ∈ S. Since this is clearly true if w ∈ S,
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we may assume that w ∈ V (D1)− S. Since v1 lies on the geodesic v0, v1, v2 in D1, we need
only consider the case where w ∈ U − S. Now w lies on some a − b geodesic in D2, where
a, b ∈ {u1, u2, . . . , ut }, that is, w lies on a ui − u j geodesic in D2 for some i and j with
1 ≤ i 6= j ≤ t , where V (P) ⊆ U . Since there is no directed ur − us path in D1 containing
any of v0, v1, v2 for all pairs r, s with 1 ≤ r 6= s ≤ t , it follows that P is ui − u j geodesic in
D1 as well. Hence S is a geodetic set for D1 and g(D1) ≤ t+2, implying that g(D1) 6= g(D2)
and so g−(G) 6= g+(G). 2
We now turn our attention to orientations of connected graphs of prescribed order and size.
We now know that if G is any connected graph of order n ≥ 3, then
2 ≤ g−(G) < g+(G) ≤ n. (2)
Our first observation here is that the inequality g−(G) ≥ 2 in (2) is sharp even when we
prescribe the size m of G.
PROPOSITION 2.6. For every two integers n and m with 1 ≤ n− 1 ≤ m ≤ (n2), there exists
a connected graph G of order n and size m such that g−(G) = 2.
PROOF. Let V (G) = {v1, v2, . . . , vn}. We define E(G) = {vivi+1 | 1 ≤ i ≤ n − 1} ∪ E ′
such that E ′ is any set of m − n + 1 edges not containing vivi+1 for 1 ≤ i ≤ n − 1. Let
D be an orientation of G for which v1, v2, . . . , vn is a directed v1 − vn path and such that if
viv j ∈ E ′ with i < j , then (v j , vi ) ∈ E(D). Then {v1, vn} is a geodetic set, g(D) = 2, and
so g−(G) = 2. 2
Next we show that the inequality g+(G) ≤ n in (2) is also sharp even among all connected
graphs G of order n and size m.
THEOREM 2.7. For every two integers n and m with 1 ≤ n − 1 ≤ m ≤ (n2), there exists a
connected graph G of order n and size m such that g+(G) = n.
PROOF. If m = (n2), then the only graph under consideration is Kn and by Proposition 2.4,
g+(Kn) = n. If m = n − 1, then every connected graph of order n and size n − 1 is a tree.
However, for any tree T of order n, g+(T ) = n by Proposition 2.3 (a). Hence we can assume
that n ≤ m ≤ (n2)− 1. To complete the proof, we construct a connected transitive graph D of
order n and size m, which, by Proposition 1.3, has g(D) = n.
Let k be the largest integer such that m ≤ (n2)− (k2). Therefore,(
n
2
)
−
(
k + 1
2
)
< m ≤
(
n
2
)
−
(
k
2
)
.
This implies that 2 ≤ k ≤ n − 2.
Since n − k ≥ 2, it follows that k(n − k − 2) ≥ 0, which is equivalent to the inequality(
n − k
2
)
+ k ≤
(
n
2
)
−
(
k + 1
2
)
.
Therefore, (
n − k
2
)
+ k < m ≤
(
n
2
)
−
(
k
2
)
.
We now construct the desired connected oriented graph D. Let Tn−k denote the transitive tour-
nament of order n−k, where V (Tn−k) = {v1, v2, . . . , vn−k}with n−k−1 = od v1 > od v2 >
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· · · > od vn−k = 0. Thus the size of Tn−k is
(
n−k
2
)
. Let V (D) = V (Tn−k) ∪ {u1, u2, . . . , uk}.
We next join v1 to u1, u2, . . . , uk and join v2 to u1. The digraph D′ constructed thus far is
connected and has size
(
n−k
2
)+ k + 1. If the size of D′ is m, then D = D′. Otherwise, we add
additional arcs to D′ according to the following.
ALGORITHM. As long as fewer than m arcs currently exist in the construction of D:
(1) Join vi to u j for some i and j with 2 ≤ i ≤ n − k and 2 ≤ j ≤ k if vi is joined to u j−1
but vi is not joined to u j .
(2) Join vi+1 to u1 for some i with 2 ≤ i ≤ n − k − 1 if vi is joined to uk .
Since m ≤ (n2)− (k2), this algorithm can only stop when the resulting oriented graph has size
m. This is D, which is transitive. 2
In fact, we are aware of numerous triples k, n,m of integers with 1 ≤ n− 1 ≤ m ≤ (n2) and
2 ≤ k ≤ n for which there exists a connected oriented graph D of order n and size m with
g(D) = k. (This was verified when m = n − 1 in Proposition 2.3 (a) and when m = (n2) in
Proposition 2.4.) Since we are unaware of any such triple for which this is not the case, we
state the following conjecture.
CONJECTURE 2.8. For every triple k, n,m of integers with 1 ≤ n − 1 ≤ m ≤ (n2) and
2 ≤ k ≤ n, there exists a connected oriented graph of order n, size m and geodetic number k.
We close with three problems.
PROBLEM 2.9. For every two integers n and m with 1 ≤ n−1 ≤ m ≤ (n2), does there exist
a connected graph F of order n and size m such that
g−(F) ≤ g+(G) and g−(G) ≤ g+(F)
for every connected graph G of order n and size m?
The next problem can be considered as an intermediate value problem for geodetic numbers
of oriented graphs.
PROBLEM 2.10. For every connected graph G and every integer k with g−(G) ≤ k ≤
g+(G), does there exist an orientation D of G with g(D) = k?
The answer to Problem 2.10 is certainly affirmative, if it were true that when a single arc of
a given oriented graph D is reversed, producing D′, the geodetic numbers of D and D′ differ
by at most 1. However, this is not the case.
PROPOSITION 2.11. For every positive integer k, there exists an oriented graph D and an
arc e of D such that if only the direction of e is reversed, producing an oriented graph D′,
then g(D′) = g(D)+ k.
PROOF. Let G be the graph containing two vertices u and v connected by k + 3 inter-
nally disjoint paths, one of which, P0, has length 3 while the others, P1, P2, . . . , Pk+2, have
length 4. Let D be the oriented graph obtained by directing all edges of G from u to v, except
for the middle edge of P0, which is directed from v to u. Then g(D) = 4. The oriented graph
D′ is obtained from G by directing all edges, without exception, from u to v. Observe that
while dD(u, v) = 4, we have dD′(u, v) = 3. Then g(D′) = k + 4. (See Figure 3 for the case
k = 2.) 2
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FIGURE 3. g(D′) = g(D)+ k (k = 2).
Of course, if v is an end-vertex of a connected graph G, then v must belong to every geodetic
set in every orientation of G. So if G has order n and k end-vertices, then the geodetic number
of any two orientations of G cannot differ by more than n − k. However, if deg v ≥ 2 for
every vertex v of G, then there are always orientations of D for which od v > 0 and id v > 0
for every vertex v of D. We consequently state one last problem.
PROBLEM 2.12. For each positive integer N , does there exists a positive integer n such
that g+(G) − g−(G) ≥ N for every connected graph G of order n with deg v ≥ 2 for every
vertex v of G?
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